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The longitudinal nuclear magnetic relaxation of an ensemble of spin systems exposed to a constant mag­
netic field Hok is calculated. Each spin system consists of three identical spin-J nuclei located at the vertices 
of an equilateral triangle. Each spin system undergoes hindered rotation about an axis that is perpendicular 
to the plane of the three spins, and is oriented at an angle fi with the constant field. Two models for the ro­
tation are studied: In one model there are only three possible equilibrium orientations of each system about 
its rotation axis and the group makes random jumps between these orientations; in the other model each 
group performs stochastic rotational diffusion about its rotation axis. Both models lead to results of the 
same form, which differ only in the definition of the correlation time rc of the motion. It is assumed that the 
relaxation is due to the magnetic dipole-dipole interactions between the nuclei within each group. The cal­
culation is performed by use of the semiclassical form of the density operator theory of relaxation. The 
treatment includes terms arising from the cross correlation of different dipole-dipole interactions with one 
another, from the nonzero average of the dipole-dipole interactions, and from the second-order correction to 
the Zeeman energy due to the dipole-dipole interactions. The relaxation is, in general, the sum of four de­
caying exponentials. For j3 = 0, the relaxation does not decay to zero. By use of an electronic computer, 
explicit solutions have been calculated for cos/3=0, ±0 .1 , ±0.2, • • •, ±1.0 for many values of the correlation 
time. Also, explicit solutions have been calculated for situations in which the axes of hindered rotation are 
isotropically oriented. All results are compared with the results of a calculation in which cross correlations 
are omitted, and are shown to differ significantly. The results are presented in a form which can be compared 
with experimental data, and used to determine the correlation time of the hindered rotations. 

I. INTRODUCTION 

THE nuclear magnetic relaxation of spin-J nuclei in 
matter is due in many cases to nuclear magnetic 

dipole-dipole interactions, which are time-dependent as 
a result of the motion of the nuclei. The calculation of 
the nuclear magnetic relaxation involves certain cor­
relation functions of each dipole-dipole interaction with 
itself (autocorrelations) and with other dipole-dipole in­
teractions (cross correlations). If the cross correlation 
terms are omitted, the calculated relaxations of the 
longitudinal and transverse components of the nuclear 
magnetization are simple exponential decays.1 If the 
cross correlation terms are included in the calculation, 
the longitudinal relaxation is found, in general, to be the 
sum of more than one decaying exponential. 

Previous calculations of the relaxation of systems of 
three and four identical spin-^ nuclei in spherical mole­
cules undergoing isotropic rotational Brownian motion 
in a liquid have shown that the relaxation is the sum of 
several decaying exponentials.2-4 However, the values of 
the time constants and the coefficients of the exponen-

* This research was supported in part by the National Science 
Foundation and the Advanced Research Projects Agency. 

f This research has been submitted by one of the authors, 
R.L.H., as partial fulfillment of the requirements for the degree 
of Doctor of Philosophy in the Department of Physics of the 
University of North Carolina. The thesis contains a more detailed 
exposition than is presented in this paper. 

X Present address: Department of Physics, North Carolina 
State of The University of North Carolina at Raleigh, Raleigh, 
North Carolina. 

§ Alfred P. Sloan Research Fellow. 
i P. S. Hubbard, Rev. Mod. Phys. 33, 249 (1961). 
2 P. S. Hubbard, Phys. Rev. 109, 1153 (1958); 111, 1746 (1958). 
3 P. S. Hubbard, Phys. Rev. 128, 650 (1962). 
< G. W. Kattawar and M. Eisner, Phys. Rev. 126, 1054 (1962). 

tials are such that the predicted relaxation differs very 
little from the simple exponential decay calculated by 
neglecting the cross correlations. 

Runnels5 has investigated the longitudinal relaxation 
of molecules with three identical spin-| nuclei in equiva­
lent positions at the corners of an equilateral triangle, 
and has found that the relaxation is in general described 
by four decaying exponentials, although three suffice for 
isotropic motion.2 He has shown that, for systems ini­
tially describable by a spin temperature, the effect of 
cross correlations always is to retard the relaxation. 
Runnels has also shown that an effective relaxation time 
Te, which is defined by the condition that the integral 
from 0 to oo of exp{—t/Te) have the same value as the 
integral of the actual relaxation, can be calculated much 
more easily than the actual nonexponential relaxation, 

We have calculated the longitudinal nuclear magnetic 
relaxation of an ensemble of systems each consisting of 
three identical spin-J nuclei at the corners of an equi­
lateral triangle. These calculations are for the case in 
which the motion of each system is hindered rotation 
about an axis that is perpendicular to the plane of the 
three spins and is oriented at an angle /? with the con­
stant field. Two types of hindered rotation are con­
sidered: (1) random jumps between three equilibrium 
positions, and (2) rotational diffusion about the axis. 
It is assumed that the relaxation is due to the magnetic 
dipole-dipole interactions between the three nuclei. The 
treatment includes terms arising from the cross correla­
tion of different dipole-dipole interactions with one 
another, and from the second-order correction to the 
Zeeman energy due to the dipole-dipole interactions. 

5 L. K. Runnels (private communication). 
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We have also calculated the longitudinal nuclear mag­
netic relaxation of an ensemble of three spin systems 
which undergo hindered rotation about axes which are 
isotropically oriented. 

The situations considered in this paper are the first 
examples of cases in which the inclusion of cross cor­
relations of different dipole-dipole interactions in the cal­
culation of nuclear magnetic relaxation results in a pre­
dicted relaxation that differs significantly from a simple 
exponential decay. 

II. FORMULATION OF THE CALCULATION 

Consider a system of three identical spin-J nuclei at 
the corners of an equilateral triangle. The spins of the 
nuclei are denoted by h and their gyromagnetic ratios 
by 7. There is a constant magnetic field H0 in the z di­
rection. The magnetic dipole-dipole interaction Hamil-
tonian can be written as 

ftG=*E E UifVi*, (2.1) 

where the Vijk are spin operators defined by 

v<f>= - (s/sy^i^if-Ki/ir'+ir'ij1)!, (2.2a) 
V^±(/W+Z;0/^1), (2.2b) 

and 
F ^ _ / . ± i / . ± i (2.2c) 

in terms of the spin operators 

The Ui/ are given by 

Uif= ( 6 T T / 5 ) 1 ^ ( - \YY2~
k{dih4>i3) (2.4) 

in terms of 
d=(y*h/r#), (2.5) 

where (0#,<£#) and r0 are, respectively, the polar angles 
and the magnitude of the vector r# from the jth. nucleus 
to the ith nucleus. The Y2

k(d,(t>) are normalized spherical 
harmonics of second order.6 

The spin system can be described by a reduced density 
operator a in the sense that the average over an ensemble 
of such systems of the expectation value of a spin opera­
tor such as / ° = L ^ t 0 is given by </°) = T r | W 0 ] . I t is 
convenient to introduce an operator % defined by 

x' = eiEt((r-<rT)<rim, (2.6) 

where 

E=-«o/°+2; E (Uif^VJ (2.7) 
i<j &=—2 

is the Zeeman interaction Hamiltonian of the three 
spins with the external magnetic field Hok= (o>o/7)k, 
plus the ensemble average over the molecular coordi­
nates of the dipole-dipole interaction Hamiltonian, both 
expressed in units of h. The reduced density operator 
for a spin system in thermal equilibrium, aT, is 

aT= ^ - ^ / T r [ ^ - ^ ] « [1 - 0 E ] / T r [ l -§E], (2.8) 

where fi=h/kT} k is the Boltzmann constant, and T is 
the absolute temperature of the lattice. The difference 
between the ensemble average of the expectation value 
of P and the value of that quantity for an ensemble in 
thermal equilibrium is given in terms of %' by 

(p)-(iy=TxZxfi°l, (2.9) 

where P' = exp(iEt)P exp(-iEt). 
I t can be shown by the use of the semiclassical form 

of the density operator theory of relaxation,1 that the 
matrix elements of %', in a representation in which E is 
diagonal, are solutions of the equation 

- < a | x V > = * E e < - " -"*W(a"a" / ) [*« ' .» '<a |x ' l«">-8-«"<a ' " lxV>] 
dl *"a'" 

+ £ e««««—«"-'")«2?(a a 'a ' /a" /)<a"|xV">» (2-10) 

where 

JV(aV") = E E E E / < , v , - ' " [ i K » « " - » « " - » 0 ] < a " l ^ t l « i v > < a i T I ^ T ' | a ' " > , 
a*v k,l**~2 i<j i'<3' 

W"(«)=-<P7 /w>(mw(«-*)(l+«/,,)-1*-,<fe. 

and 

i ? ( a a W " ) = E E E { [ / « T ) W ) ' * t » - » ) + / M ' ) w'*(««'- '")]<«l V^11«")(«'"| 7«*|o'> 
kl i<j V'</' 

-5a«- E ^(ww),i(««'».'')(«'"IVI«lT><«lTl vtfW) 

(2.11) 

(2.12) 

-•8«'«-» E /wy')W)'*(««"«h)<a| T W k T ) < a i v l * V | a " » • (2-13) 

6 M. E. Rose, Elementary Theory of Angular Momentum (John Wiley & Sons, Inc., New York, 1957). 
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The functions J(i'j')(ij)lk(°>) are denned by 

/ w ) W ) w ( « ) ^ - [ Cwn^Kry-'dT (2.14) 

in terms of the correlation functions 

C( i 'y ) ( /W 
- < C ^ y ^ - ( ^ ^ ) J , + T [ ^ / - ( ^ / ) J ^ . (2.15) 

The averages in Eq. (2.14) are ensemble averages over 
the molecular coordinates, the motions of which are 
assumed to be a stationary random process. Hence the 
correlation functions are independent of t. Replacement 
of t by t— T leads to the result 

C(^)My)'*(r) = C w ( ^ ) " ( - r ) . (2.16) 

The correlation functions approach zero as r approaches 
infinity. The correlation time rc is defined rather loosely 
by the condition that 

| C W . , « o » ( r ) | « | C ( i y ) ( W ' * ( 0 ) | if r»rc. (2.17) 

The conditions of validity of Eq. (2.10) are that 

\N(a'W")\rc, | ^ ( a a W , / ) | r c « l , (2.18) 

and 
# o 0 « l . (2.19) 

Terms on the right-hand side of Eq. (2.10) for which 
the frequencies of oscillation o v « ' " or (aw—co a" a '") 
are large compared to the magnitudes of the nonzero 
N(a"a") and R(aaa"af") are said to be nonsecular. 
Nonsecular terms can be omitted in the solution of Eq. 
(2.10) because their effect on the solutions for the 
(a | %' | a') are negligible compared to the effect of secular 
terms. 

III. AVERAGES AND CORRELATION FUNCTIONS 

I t follows from Eqs. (2.4) and (2.15) that 

{Uiha- (6T/S)^d^iy(Y^(dihct>ij))q, (3.1) 

and 

C W O W ) " ( r ) = ( 6 i r / S ) i 2 ( - l ) H - * 

X{(CF2- l(^ 'A- ' / ' ) ]H-rCF2-*(^^)]*>(r 
-(Y,-Kdifjf^jf))q{Yrh{0i^i3)),} • (3.2) 

Suppose that the only motion of each of the three 
spin systems in the ensemble consists of hindered rota­
tion about an axis perpendicular to the plane of the three 
nuclei. The axes of rotation of the systems are parallel 
and make an angle p with the z axis of the laboratory co­
ordinate system S. Consider a coordinate system S' 
whose axes are rotated with respect to 5 through Euler 
angles (<#y), so that the z' axis is parallel to the axes 
of hindered rotation.7 Spherical harmonics with polar 
angles (0,<£) in S are related to spherical harmonics with 

7 The Euler angles (a(3y) used here are those defined in Ref. 6. 

polar angles (d'rf>') in S' by8 

where the Dkk>l(ot-fiy) are elements of a rotation ma­
trix. Since 0</ = ir/2, and F 2 * ^ / 2 , & / ) = F 2 * ' 6 r / 2 , 0 ) 
Xexp(ik'<l>i/), it follows from Eq. (3.3) that 

= £ Z>-fc*'2*F2*'(ir/2,0)(exp(«W)>, (3-4) 

where Z>_M<2*=Z>_M>2*(O:,3Y), and 

= I ) P_„-2*JD_M<2*F2 ' '(x/2,0)F^'(V2,0) 
Z ' , J f c ' = - 2 

X e « / ° ^ / ^ - ^ < e x p [ « W W ] exp[ i*W(0) ]> , (3.5) 

where Q(i'f,ij) is the fixed angle between r^v and r#, 
given by 

fa>/^fa/+tt(i'f,ij). (3.6) 
The averages in Eqs. (3.4) and (3,5) depend only on the 
values of fa/. We consider two models of hindered 
rotation. 

(1) Each group can assume only three angular orien­
tations about its axis of rotation, which are equally 
spaced, and it jumps from one orientation to another 
with probability v per unit time. The orientation of the 
axes S' can be chosen so that the three equilibrium posi­
tions correspond to <£;/ = 0, db27r/3. Since at any time 
the three values of fa/ are equally probable a priori, it 
follows that {exp(ik'fa/)) = dk'Q- Thus, since F2°(7r/2,0) 
= - (5/16TT)1/2, it follows from Eqs. (3.1) and (3.4) that 

<EV>= ~ (3/8)1/2d(- l)*P_fc0
2*. (3.7) 

The probability that fa/ = r2w/3 at r = 0 and fa/ = S2T/3 
at a later time r, where r, s=0, ± 1 , is denoted by 
Wsr(r). I t is easy to show by solution of the differential 
equations describing the rates of change of the proba­
bilities of each orientation that 

W„(T)= (l /9)[3«. r e x p ( - r / r c ) 
+ l - e x p ( ~ r / r c ) ] , (3.S) 

where the correlation time is denned by r c = (2/3p). The 
average on the right hand side of Eq. (3.5) can be cal­
culated by use of Eq. (3.8). Use of Eqs. (3.5) and (3.7) 
in Eq. (3.2) then leads to the following result, valid 
f o r r > 0 : 

C(i>3'>)(ij)lk(r) 

= (9/16)d2(- l)^+lZ)_^2
2*Z)_fc_2

2*ei2fi^,^^^ 

+Z)_z_22*Z>^fc2
2*e-i2i2^ ,^'^>-^^. (3.9) 

8 Equation (3.3) follows from Eqs. (4.28a) and p. 73 of Ref. 6. 
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(2) Each system undergoes stochastic rotational dif­
fusion about its axis of hindered rotation. If the angle 
4>i/ is considered to vary between 0 and 2w, the a priori 
probability density for <£»/ is simply (l/2ir). The con­
ditional probability density that <fo/ has the value <f> at 
time r if it has the value $o at time zero is 

= (2TT)-1 E e x p p » ( 0 - 0 o ) - ( » 2 / 4 r c ) O , (3.10) 

where rc is a constant related to the diffusion coefficient. 
Expression (3.10) is the solution of the diffusion equa­
tion which is a function only of the azimuthal angle, is 
periodic with period 27r, and satisfies the initial condition 
P(0,O;0o) = 5(<A-<j5>o).9 The results obtained for (U^) 
and C (»/y) (#)**(?") in this case are the same as expres­
sions (3.7) and (3.9), respectively. 

I t is apparent from (3.9) that 

if it is remembered that tt(i'j',ij) = —tt(ij,i'f)> Hence 
it follows from Eq. (2.16) that 

C W 0 W )
I * ( - r ) = C ( W ) W ) " ( r ) . (3.11) 

Use of Eqs. (3.9) and (3.11) in Eq. (2.14) gives 

/ w ) W ) I f c ( « ) = ( 9 / 1 6 ) d a ( - l ) ^ r c C l + ( « r c ) 2 J - 1 

+D-l-<?*D-.k2
2*e-m(i'j'>i3)~]. (3.12) 

IV. LONGITUDINAL RELAXATION 

Substitution of Eq. (3.7) into Eq. (2.7) gives 

j E = _ C O o / o _ ( 3 / 8 ) ^ E ( - l ) ^ ^ o 2 * Z Va*. (4.1) 
k i<j 

Since d<$Cco0, the eigenkets \a) and eigenvalues E(a) of 
E can be calculated to good approximation by treating 
the second term in Eq. (4.1) as a perturbation. A com­
plete set of eigenkets of — coo/0 which are suitable for use 
in the perturbation calculation are the eigenkets of 
Ii2,122, Is2, I i22^ (I1+I2)2,12= (I12+I3)2, and P. They are 
denoted by \Ii2IM), where M is the eigenvalue of 1°, 
and the eigenvalues of I12, I2

2, and I3
2 are omitted since 

they are |.10 The eigenvalues of E, correct to second 
order in d, can be expressed as 

f \M\9d2 

E{a) = -Mcoo+5r ( 3 / 2 ) ( -1)1^+* f ^ o o 2 * + 
I I 8w0 

XC2>io 2 *^_ 1 0
2 *+i( - l ) | M | -^2o 2 ^-2o 2 *]} . (4.2) 

9 If the angle <fo/ is considered to vary from — 00 to 00, the 
appropriate probability density is the familiar gaussian ̂  expres­
sion in (<f>—<f>o), which is characteristic of one dimensional diffusion. 
This density gives the same result for the correlation function as 
does Eq. (3.10). 

10 The \I12IM) have been calculated by using the vector coupling 
coefficients given in A. R. Edmonds, A ngular Momentum in Quan­
tum Mechanics (Princeton University Press, Princeton, New 
Jersey, 1960), 2nd ed. 

Matrix elements in the | a) representation can be cal­
culated to good approximation by use of the unper­
turbed eigenkets | Ii2IM). However, it is important to 
retain the perturbed values of E(a). Although d<<Ca)o, d 
is large compared to \R(aaW'a'")\ and \N{a"a'")\. 
Hence the terms in E(a) due to the perturbation can 
affect which of the terms in Eq. (2.10) are secular. 

Consider Eq. (2.10) with a = I12IM and ol = I12'VM. 
In the sums on the right-hand side of the equation, the 
only secular terms are those corresponding to values of 
a" and a" for which M,, = M"f

i since all other terms 
oscillate with a frequency of the order of magnitude of 
co0. Thus matrix elements of %' that are diagonal in M 
are connected by Eq. (2.10) only to other matrix ele­
ments of %' which are also diagonal in M. 

The calculation of the elements R(aara"a!n) and 
N(a"am) from Eqs. (2.11) and (2.13) is facilitated 
somewhat by use of the Wigner-Eckart theorem11 to 
evaluate the matrix elements of the Vi3-

k in the | I\%IM) 
representation. Nevertheless, the calculation is lengthy 
and tedious. I t is assumed that drc<<Cl, in which case 
A*W(*/)zHw+^)^^<»0'0 (#)'*(<*>)• In the evaluation of 
N(a"a"f) it is assumed that /K<rc, coo"1. These condi­
tions are satisfied in most physical situations of interest. 
As a result of the latter conditions, the factor ( l + e ^ ) - 1 

in the integrand of expression (2.12) can be replaced by 
\ with little error when co has the values indicated in 
Eq. (2.11). 

If one introduces the following combinations of 
matrix elements, 

y i ^ l / 2 I m C < 0 H l x ' U H > + < 0 i - l l x ' l l i - i > 
- a H l x ' l O H M l i - i l x ' I O * - * ) ] , (4.3a) 

y^fWHIx 'UifMif- f lx 'U *-§>], (4.3b) 
y3-iC<iHlx'UH)-(if-l |x'lif-*)], (4.3c) 
and 

y*= E M(I12IM\x'\Ii2lM), (4.3d) 
IUIM 

it is found from Eq. (2.10) that the time derivatives of 
the quantities ji depend only upon the same combina­
tions of matrix elements. The equations can thus be 
written in matrix form as 

(8/9)r0y = Ay, (4.4) 

where T<rl=d2Tc, and the elements of the matrix A are 
found to be 

An= 

AXi= 

Au= 

Au= 

An= 

= - (M/2) [ ia 0 +f l i+a 2 ] > 

= - (0 , l / 2 ) [ J i+J s ] , 

= ( 0 , 3 / 2 ) 0 ! - ^ ] , 

= (0,3/4)[61+2&2], 

= (0,9/8)[fti+4fts], 

"Reference 10, Eq. (5.4.1). 

file:///M/9d2
file:///I12IM


A396 R. L . M I L T A N D P . S. H U B B A R D 

AM= - (3/8)[(6,5)«i- (0,4)a2], (4.5f) 

4 « = - ( 9 / 8 ) [ ( - 2 , l)ai-(0,A)ai\, (4.5g) 

^ M = ( 3 / 4 ) ( l , 3 / 2 ) [ a i - 4 a , ] , (4.5h) 

i4»=(0 ,9 /8 ) i i , (4.5i) 

An=l-i ( l ,3 /2)a 0 + (1/12) (13,27/2)a1 

- ( l / 3 ) ( l , 0 ) a j , (4.5j) 

^ 33= - [(3/2) ( l , 3 /2 ) a 0 +i (7,9/2)a,+ ( l , 0 ) a j , (4.5k) 

^ 8 4 = K l , 3 / 2 ) [ a o - ( 3 / 2 ) a 1 ] , (4.51) 

^4i=(0,3)C&x+2&2], (4.5m) 

4 « = ( 0 > l ) [ « i + 2 a J ] , (4.5n) 

^ 4 3 = - ( 0 , 3 ) [ a 1 - 2 a 2 ] , (4.5o) 

^ 4 4 = - ( l , 3 / 2 ) [ a 1 + 4 a 2 ] . (4.5p) 

The first number in the ordered pair in each An is the 
result obtained if the cross correlations are neglected; 
the second number is the result obtained when the cross 
correlations are included. The A »y are expressed in terms 
of the quantities 

at] i-iy 
l+(fa0T0)2 

[ZV*£U_2
2*± A-22*CL«2*], (4.6) 

which, in terms of the Euler angles a/87 upon which the 
D's depend, are 

ao=!sin4 /? , (4.7a) 

ail sin2^ r / l + c o s / 3 \ 2 / l - c o s / V - ] 

{ ( — ) * ( — ) ] • (4-7b) 
h) l+(w0Tc)2 

di] 

b2i 1 + ( 2 « O T . ) 

1 r / l + c o s / 3 \ 4 /l—cos/3\4~] 

WC)2L\ 2 / \ 2 / J' 
c) 

Since ax and hi depend only on the Euler angle /?, it is 
clear that in the case of hindered rotation by jumps be­
tween three equilibrium positions, the relaxation does 
not depend on the orientation of the equilibrium posi­
tions in the plane perpendicular to the axis of hindered 
rotation. 

In the derivation of the quantities An from Eq. 
(2.10), it is found that the results depend only on the 
R(aa'ara!n) and not on the N(a"af"). Also, it is found 
that the secularity of the terms in the equations for the 
yi is not affected by the part of the E(a) which involves 
d. This results from the fact that terms oscillating with a 
frequency of order of magnitude d either have zero mag­
nitude or cancel in the linear combinations in Eq. (4.4). 

If terms of order d/o)o due to the perturbation cor­
rections to the unperturbed eigenkets \IuIM) are 
omitted, it follows from Eqs. (2.9) and (4.3d) that 

The initial condition of the spin system will be con­
sidered to be the result of the application of a rotating 
field H i = (coi/7)(i coscoo/—j sincooO to the system in 
thermal equilibrium with density operator aT [Eq. 
(2.8)] for a time ^=0/coi—sufficiently short that the 
effects of the dipole-dipole interactions can be neglected 
during the pulse (dte<Kl). If one uses E^— co0/° in 
Eq. (2.8), it can be shown that, to first order in /fcoo, 

(I12IM\x
f(0)\Il2TM) 

= (l/8)/3coo(cos0- l)M8i12i12,dH>. (4.9) 

Hence, use of Eq. (4.9) in Eqs. (4.3) gives 

y(O) = ( /°) r(cos0-l){O,3/4, l /12, l} . (4.10) 

If cross correlations are neglected, it follows from 
Eqs. (4.4) and (4.5) that 

2/4= - (9 /8) r 0 - 1 [a i+4a 2 ]y 4 . (4.11) 

Since y 4 = ( / 0 ) - ( / 0 ) r , the solution of Eq. (4.11) that 
satisfies the initial condition (4.10) gives the result 

(P)-(P)T= (cosd-l)(P)T exp(-t/T{), (4.12) 

where 

Trl= (9/16)d*rc{ ( l - c o s t f ) [ l + ("ore)2]"1 

+ (1+6 cos2/3+cos4/3)[l+ (2CO0TC)2]-1} . (4.13) 

The relaxation when cross correlations are included is 
obtained by solving Eqs. (4.4) subject to the initial 
conditions (4.10), using for A# the second number in 
the ordered pairs in Eqs. (4.5). The result is in general 
the sum of four decaying exponentials: 

(P)-(P)T=(cosd-l)(P)T 

X E Cj e x p [ ( 9 / 8 ) r 0 - 1 ^ ] , (4.14) 

where the p3- are the eigenvalues of the matrix A, i.e., 
solutions of the equation D(p) = det(A—pl) = 0. If the 
eigenvalues are distinct, the Cj are given by 

C/ = " [D' (fr)]-l{ (3/4)^42+ (1/12)^43+^44} , (4.15) 

where D'(p)^dD/dp, and B^ is the ij element of the 
adjoint matrix of (A—p3l). 

In order to compare the results of our calculations 
with experimental data, it is convenient to measure 
time in units of the quantity 

r=coo/^2=coo(r0
3/72^)2, (4.16) 

(P)-(p)T = yA. (4.8) 

which does not depend on the correlation time. Since 
T' = a)QTcTo, it follows from Eq. (4.14) that 

(P)-(P)T= (cos$-l)(P)T 

X E Q e x p [ ~ ^ / r ] , (4.17) 
i - i 

file:///IuIM
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where 

?/=-(9/8)uoT«fr. (4.18) 

A Univac 1105 digital computer has been employed to 
calculate the quantities pj, Cj, and qj for cos/3=0.0, 
±0.1, ±0.2, •••, ±1.0, for various values of OOOTC. 
Newton's method was used to determine the roots pj 
of D(p). Each of Tables12 I-XI contains the pj and Cj 
for a particular value of cos/3 and for all the values of 
co0rc for which these quantities were calculated. The 
tables also contain values of the reciprocal of the re­
laxation time Ti that is obtained when cross correla­
tions are omitted, calculated from Eq. (4.13) by use of 
the computer. 

A case of particular interest is cos/3 =±1.0, for which 
a0=ai=bi=0 and a2=&2=Cl+(2coorc)

2]~1. It follows 
immediately from Eqs. (4.4), (4.5), and (4.10) that 

(/°)-(/0) r=(cos6/-l)(/°) r 

X i ( l + 2 exp(- (27/4)r0"1[l+ ^coor,)2]-1/)}. (4.19) 

FIG. 1. Time dependence of the logarithm of the relaxation 
plotted as a function of t/T0 for (co0rc)

2«l and six values of cosjS. 
R(t)^t{I0)T-{I°)l/2(I0)T and l / r 0 ^7 4 ^ r c Ao 6 . 

Hence, for /3=0, the ensemble does not relax to its 
thermal equilibrium distribution via the mechanism we 
have considered. Note that this effect occurs only if 
the cross correlations are included in the calculation. 
In a real crystal there are other relaxation mechanisms 
which, although usually less efficient than the mecha­
nism considered here, would provide a means for the 

12 Copies of the tables are available from the authors. The tables 
have also have been deposited as Document No. 7799 with the 
ADI Auxiliary Publication Project, Photoduplication Service, 
Library of Congress, Washington 25, D. C. A copy may be ob­
tained by citing the document number and by remitting $2.50 for 
photoprints or $1.75 for 35-mm microfilm. Advance payment is 
required. Make checks or money orders payable to: Chief, Photo-
duplication Service, Library of Congress. 
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FIG. 2. Time dependence of the logarithm of the average 
over orientation of the relaxation plotted as a function of t/TQ 
for different values of (w0rc)

2. R(t) = l(P)T-(P)2/2(P)T
9 and 

l / r 0 ^7 4 ^r c Ao 6 . 

spins to return to thermal equilibrium. Such a mecha­
nism might be intermolecular dipole-dipole interactions. 

The logarithm of the relaxation is plotted versus t/To 
in Fig. 1 for a?orc<3Cl and six values of cos/3. The most 
striking feature of this set of curves is that the vertical 
order is completely reversed in the interval from t~0 
to t=2TQ. Although not shown on the graph, the curves 
for t/T0>2 are approximately straight lines. 

If the axes of hindered rotation of the three spin 
systems are oriented isotropically, the longitudinal re­
laxation of the ensemble, denoted by [(/°)— (/0) r]av , is 
the average over all orientations of Eq. (4.14) or (4.17): 

C ( / ° ) - ( / r ] a v — f [</°>-</°>Tsm/3J/3. (4.20) 

For many values of t, the average in Eq. (4.20) has been 
calculated on the Univac computer by use of Simpson's 
formula and the values given in Tables I-XI.12 The re-

-31 1— 1 1 1 1 i I i i 
2 4 6 8 10 12 14 16 18 

t/T' 

FIG. 3. Time dependence of the logarithm of the average over 
orientation of the relaxation plotted as a function of t/T' for dif­
ferent values of (a>0rc)

2<l. R(t) = l{P)T-~{P}^/2(P)T
t and 

l/r^(7
4&2Ao6coo). 
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suits obtained for the quantity lii{£(I°)T— </°)]av/ 
2{P)T) are plotted in Fig. 2 as a function of (t/T0) and 
in Figs. 3 and 4 as a function of (t/T'), for representative 
values of O)QTC- The plots using t/T' as the abscissa are 
the more useful for comparing with experimental data 
because the scaling factor T' does not depend on the cor­
relation time rc. The advantages of using (//To) as the 
abscissa are that, for a very small o?orc, one can plot 
more of the relaxation in a given space [compare the 
curves for (coorc)

2= 0.001 in the two plots], and that the 
relaxation for any coorc«l can be obtained by replotting 
the curve with that label as a function of t/T', using the 
assumed value of coorc to change the scale from To to T'. 

The effect of including cross correlations in the cal­
culation of the relaxation when the axes of rotation are 
isotropically distributed is shown strikingly in Fig. 5. 
For three values of a>orc, the dashed curves give the 
logarithm of the relaxation when cross correlations are 
neglected, and the solid curves give the logarithm of 
the relaxation when cross correlations are included. 

S-3h 

FIG. 4. Time dependence of the logarithm of the average over 
orientation of the relaxation plotted as a function of t/T' for dif­
ferent values of (co0rc)

2>l. R{t)^l(P)T-{P)']/2{P)T
1 and 

i/rs(7*ayr0w. 

2 4 6 8 10 12 
t /T 0 

FIG. 5. Time dependence of the logarithm of the average over 
orientation of the relaxation plotted as a function of t/T0 for three 
values of (co0rc)

2. R(t) and Ra(t) are given by i(P)T - (P)3/2{P)T 

for the cases in which the effects of cross correlations are included 
and neglected, respectively. The solid curves are ln([i?(0]av) and 
the dashed curves are ln([i?a(0]av). l/TQ=y4h2Tc/ros. 

V. CONCLUSIONS 

The calculations given above predict that the longi­
tudinal nuclear magnetic relaxation of three spin sys­
tems undergoing hindered rotations differs significantly 
from a simple exponential decay, as a consequence of 
the cross correlations of the dipole-dipole interactions. 
Detailed results have been calculated for situations in 
which the axes of rotation make an angle fi with the 
external field, and for situations in which the axes of 
rotation are isotropically oriented. The results have been 
presented in a form which can be compared with experi­
mental data, and used to determine the correlation time 
of the hindered rotations. 


